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Entanglement monotone is defined as a convex measure of entanglement that does not increase on
average under local operations and classical communication (LOCC). Here we call an entanglement
monotone a strict entanglement monotone (SEM) if it decreases strictly on average under LOCC.
We show that, for any convex roof extended entanglement monotone that on pure states is given
by a function of the reduced states, if the function is strictly concave, then it is a SEM. Moreover,
we prove that the negativity and the relative entropy of entanglement which are not defined by the
convex roof structure, are also SEMs. In addition, if the squashed entanglement could be obtained
by some optimal extension, then it is a SEM as well. Our results imply that entanglement is strictly
decreasing on average under LOCC.
Entanglement is one of the most crucial features of
quantum theory as compared to classical theory, which
is also considered to be a valuable resource for quantum
information processing [1, 2]. To quantify the amount
of entanglement contained in a composite quantum sys-
tem is a fundamental problem in quantum information
science and quantum physics [3–6]. The first signifi-
cant milestone in this field came from the discovery that
entanglement can be used as a resource for distributed
quantum information processing in the frame work of lo-
cal operations and classical communication (LOCC) [7].
Consequently, to identify certain a priori axioms for a
good measure of entanglement, Vedral et al. [8] proposed
three conditions for a quantity to be such a measure for
the first time. Later, Vidal in Ref. [9] explored a more
restrictive requirement on LOCC, and an additional de-
mand of convexity is needed, and there the satisfactory
measure is called an entanglement monotone.
It is interesting that these constraints on entanglement
measures can be easily checked [9]: For any convex roof
extended entanglement measure, it is an entanglement
monotone if it can be defined by both a locally unitary
invariant and a concave function on the reduced states
of the pure states [see Eqs. (3) and (4) below]. Recently,
we found that, for almost all entanglement measures so
far, the associated functions are not only concave, but
also strictly concave [10]. More significantly, this strict
concavity guarantees the monogamy of entanglement [10]
where the monogamy law is a key feature of entangle-
ment distribution among multiparties (see Refs. [10–12]
and references therein for details). This motivates us
to investigate entanglement measures deeply. In this pa-
per, we investigate this strict concavity in a more general
sense: We show that entanglement is strictly monotonic
under LOCC on average for many entanglement mono-
tones. That is, we exploit here a new property of the
entanglement monotone.
Let HA⊗HB ≡ HAB be a bipartite Hilbert space with
finite dimension, where A,B are subsystems of the com-
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posite quantum system, and let S(HAB) ≡ SAB be the
set of density operators acting on HAB. Recall that, a
function E : SAB → R+ is called a measure of entangle-
ment if it satisfies [8]: (E1) E(ρ) = 0 iff ρ is separable
[this condition can be replaced by E(ρ) = 0 if ρ is separa-
ble]; (E2) E is invariant under local unitary operations,
i.e., E(ρ) = E(UA⊗UBρU †A⊗U †B) for any local unitaries
UA and UB; (E3) E cannot increase under LOCC, i.e.,
E[Φ(ρ)] ≤ E(ρ) for any LOCC Φ. Note that (E3) im-
plies (E2). The map Φ is completely positive and trace
preserving (CPTP). In general, LOCC can be stochastic
in the sense that ρ can be converted to σj with some
probability pj . In this case, the map from ρ to σj can
not be described in general by a CPTP map. More than
(E2), E is said to be an entanglement monotone [9] if it
is nonincreased on average under stochastic LOCC, i.e.,
E(ρ) ≥
∑
j
pjE (σj) , ∀ ρ ∈ SAB. (1)
Note that Eq. (1) is more restrictive than E(ρ) ≥
E(
∑
i pjσj) since in such a case we cannot select
subensembles according to a measurement outcome [13].
It is possible that E(σj0 ) > E(ρ) for some j0. Almost
all measures of entanglement studied in literature sat-
isfy (1). The measure is said to be faithful if it is zero
only on separable states.
Let E be a measure of entanglement on bipartite
states. The entanglement of formation EF associated
with E is defined by
EF (ρ) ≡ min
n∑
j=1
pjE (|ψj〉〈ψj |) , (2)
where the minimum is taken over all pure state decom-
positions of ρ =
∑n
j=1 pj |ψj〉〈ψj |. That is, EF is the
convex roof extension of E. Vidal [9, Theorem 2] showed
that EF above is an entanglement monotone on mixed
bipartite states if the following concavity condition holds.
For a pure state |ψ〉 ∈ HAB, ρA = TrB|ψ〉〈ψ|, define the
function h : SA → R+ by
h
(
ρA
) ≡ E (|ψ〉〈ψ|) . (3)
2Note that since E is invariant under local unitaries we
must have h
(
UρAU †
)
= h
(
ρA
)
for any unitary operator
U acting on HA. If h is also concave, i.e.
h[λρ1 + (1− λ)ρ2] ≥ λh(ρ1) + (1− λ)h(ρ2) (4)
for any states ρ1, ρ2, and any 0 ≤ λ ≤ 1, then EF as
defined in (2) is an entanglement monotone.
It was shown in Ref. [10] that for almost all the well-
known entanglement measures, the associated function
defined as in (3) is strictly concave (from which we proved
that E is monogamous on pure tripartite states and EF is
monogamous on both pure and mixed tripartite states,
according to our definition in Ref. [11]). Then, in the
sense of Vidal [9], what is the corresponding property of
LOCC if h is strict concave? We introduce here the con-
cept of strict entanglement monotone in terms of more
restriction on the LOCC in (E3). We then show that
EF is a strict entanglement monotone if the associated
function h is strict concave. Going further, we will prove
that many entanglement measures, such as the negativ-
ity [14], the relative entropy of entanglement [8, 15], and
the squashed entanglement [16] (if it can be obtained by
some optimal extension) are strict entanglement mono-
tones. Our results would demonstrate that entanglement
measures are strict in our sense.
For convenience, we fix some terminologies. An entan-
glement measure E is said to be strictly decreasing on
average under LOCC if for any stochastic LOCC,
Φj : TrΦj(ρ) = pj,
∑
j
pj = 1,
Φj(ρ) 6= pjUAj ⊗ UBj ρ(UAj )
† ⊗ (UBj )
†
,
(UXj )
†
UXj = I
X
j , j = 1, 2, . . . , d.
}
(5)
there exists ρ ∈ SAB such that
E (ρ) >
∑
j
pjE (σj) , (6)
where pjσj = Φj(ρ), U
X
j are unitary operators on
HX . Equivalently, an entanglement measure E decreases
strictly on average under LOCC if and only if
E (ρ) =
∑
j
pjE (σj) (7)
holds for all states ρ ∈ SAB implies that the LOCC is
either a local unitary operation (if the LOCC is a map
from system A+B to A′ +B′, then it is a local isomet-
ric operation; hereafter, we always assume with no loss of
generality that the LOCCs are acting fromA+B to itself)
or a convex mixture of local unitary operations. If an en-
tanglement monotone E is strictly decreasing on average
under LOCC, we call it is a strict entanglement mono-
tone (SEM). If an entanglement monotone E is strictly
decreasing under LOCC for pure states, we call it is a
SEM on pure states.
Theorem 1. Using the notations above, if E is a SEM
on pure states, then EF is a SEM as well.
Proof. According to the LOCC scenario in Ref. [14], in
order to prove that a local unitary invariant function
E : SAB → R+ satisfying condition (E1) is an en-
tanglement monotone, we only need to consider a fam-
ily {Φk} consisting of completely positive linear maps
such that Φk(ρ) = pkσk, ρ ∈ SAB, where Φk(X) =
IA⊗MkXIA⊗M †k transforms pure states to some scalar
multiple of pure states,
∑
kM
†
kMk = I
B.
Applying Φk to ρ, the state becomes
σk = Φk(ρ)/pk
with probability pk = TrΦk(ρ). We assume that ρ =
|ψ〉〈ψ| ∈ SAB is an entangled pure state. It yields
E(|ψ〉〈ψ|) ≥
∑
k
pkE (σk) =
∑
k
pkEF (σk) . (8)
If E is a SEM on pure states and the equality holds in (8)
for any pure state |ψ〉 ∈ HAB, then either Φk ≡ ΦB
for some local unitary operation ΦB or Φk(·) = pkIA ⊗
UBk (·)IA ⊗ (UBk )†.
Now we assume that ρ is mixed. Perform Φk on ρ and
denote σk = Φk(ρ)/pk with probability pk = TrΦk(ρ).
Observe that there exists an ensemble {tj , |ηj〉} of ρ such
that
EF (ρ) =
∑
j
tjE (|ηj〉) .
For each j, let σjk =
1
tjk
Φk (|ηj〉〈ηj |), where tjk =
TrΦk(|ηj〉〈ηj |). Then σk = 1pk
∑
j tjtjkσjk and E(|ηj〉) ≥∑
k tjkE (σjk) by what is proved for pure states above.
It follows that
EF (ρ) =
∑
j
tjE (|ηj〉)
≥
∑
j,k
tjtjkE (σjk) ≥
∑
k
pkEF (σk) . (9)
If EF (ρ) =
∑
k pkE(σk) for any ρ ∈ SAB, then E(|ηj〉) =∑
k tjkEF (σjk), which completes the proof by the result
of the case for pure states.
Proposition 2. EF as defined in (2) is a SEM if the
associated function h in Eq. (3) is strictly concave, i.e,
h[λρ1 + (1 − λ)ρ2] > λh(ρ1) + (1 − λ)h(ρ2) whenever
ρ1 6= ρ2, 0 < λ < 1.
Proof. We only need to check it for pure states by Theo-
rem 1. We use the notations as in the proof of Theorem 1
and we assume without loss of generality that k = 1, 2.
If h is strictly concave, we assume that the equality
holds in (8), which leads to
h(σA) = h
(∑
k
pkσ
A
k
)
=
∑
k
pkh
(
σAk
)
(10)
3since E(|ψ〉〈ψ|) = h(ρA) = h(σA) and ∑k pkh (σAk ) =∑
k pkE (σk) =
∑
k pkEF (σk), where ρ
A = TrB|ψ〉〈ψ|,
σAk = TrBσk and σ
A =
∑
k pkσ
A
k . Then σ
A
k = σ
A
l for any
k and l, which implies that either Φk ≡ ΦB for some local
unitary operation ΦB or Φk(·) = pkIA⊗UBk (·)IA⊗(UBk )†,
where UBk ’s are unitary operators on HB,
∑
k pk = 1.
The proof is completed.
Note that, many entanglement measures, such as en-
tanglement of distillation Ed, entanglement cost Ec, the
squashed entanglement Esq [16], and the relative entropy
of entanglement Er coincide with the entanglement of
formation Ef (hereafter, we denote by Ef the original
entanglement formation [17]) for pure states [6, 15, 16].
In addition, Ed ≤ Esq ≤ Ef [16], Er ≤ Ef [15], and
Ec ≤ Ef [18, 19]. Thus Ef , Ec, Esq, and Er are SEMs
on pure states, and Ed decreases strictly under LOCC
on average for pure states (Ed is not an entanglement
monotone since it is not convex, see Table I).
Theorem 3. Let E be an entanglement monotone that
for pure states it is defined as in (3). Then h is strictly
concave if and only if for any stochastic LOCC {Φj :
Φj(·) = IA⊗Mj(·)IA⊗M †j } and any pure state ρ ∈ SAB
that satisfies
σAj0 6= ρA (11)
for some j0 we have (6) holds, where pjσj = Φj(ρ),
XA = TrBX.
Proof. The ‘only if’ part is clear. Conversely, if (11)
holds, it is equivalent to say that if E(ρ) =
∑
j pjE(σj)
then we must have σAj = ρ
A for any j. Note that σj ’s are
pure states, it follows that for any pure state ρ ∈ SAB,
h(ρA) =
∑
j pjh(σ
A
j ) if and only if σ
A
j = ρ
A for all j.
That is, h is strictly concave.
It is interesting that we can give another proof of part 1
in Ref. [10, Theorem] from condition (11). We recall part
1 of the Theorem in Ref. [10]: Let E be an entanglement
monotone for which h, as defined in Eq. (3), is strictly
concave. If ρABC = |ψ〉〈ψ|ABC is pure and E(ρA|BC) =
E(ρAB), then HB has a subspace isomorphic to HB1 ⊗
HB2 and up to local unitary on system B1B2,
|ψ〉ABC = |φ〉AB1 |η〉B2C , (12)
where |φ〉AB1 ∈ HAB1 and |η〉B2C ∈ HB2C are pure
states. In particular, ρAC is a product state [and, conse-
quently, E(ρAC) = 0], so that E is monogamous on pure
tripartite states. In order to see this, we let {|ib〉} and
{|jc〉} be orthonormal bases of HB and HC , respectively.
Define
Vj |ψ〉 ≡
∑
i
〈ib|〈jc|ψ〉|ib〉, ∀ |ψ〉 ∈ HBC . (13)
It follows that
TrCρ
ABC =
∑
j
IA ⊗ VjρABCIA ⊗ V †j . (14)
Let ρABC = |ψ〉〈ψ|ABC and assume that it satisfies
E(ρA|BC) = E(ρAB), ρAB = TrCρABC . Let {|ka〉} be
an orthonormal basis of HA, then
|ψ〉ABC =
∑
k,i,j
akij |ka〉|ib〉|jc〉.
The action of Φs(·) ≡ IA ⊗ Vs(·)IA ⊗ V †s on ρABC gives
psρ
AB
s = Φs
(
ρABC
)
= |ψ′s〉〈ψ′s|, (15)
where |ψ′s〉 =
∑
k,i akis|ka〉|ib〉. That is, ρABs is a pure
state for any s. On the other hand, E obeys (11), which
results in
ρAs = ρ
A, ∀ s, (16)
where ρAs = TrBρ
AB
s .Note that ρ
AB =
∑
s |ψs〉〈ψs|AB,
then following the proof of the Theorem in Ref. [10],
we can conclude that HB has a subspace isomorphic to
HB1 ⊗HB2 and up to local unitary on system B1B2,
|ψ〉ABC = |φ〉AB1 |η〉B2C , (17)
where |φ〉AB1 ∈ HAB1 and |η〉B2C ∈ HB2C are pure
states.
In what follows, we discuss whether or not the entan-
glement monotones that are not derived via the convex
roof structure are SEMs as well. The well known one
is the computable measure of entanglement, negativity,
which is defined by [14]
N(ρ) =
∥∥ρTA∥∥
Tr
− 1
2
, ρ ∈ SAB , (18)
where ‖X‖Tr = Tr
√
X†X and ρTA denotes the partial
transposition with respect to part A under some given
orthonormal bases of HA and HB. The logarithmic neg-
ativity EN is defined as [14]
EN (ρ) = log2N(ρ) . (19)
It is known that the negativity N is a SEM on pure
states [10] and thus NF is also a SEM by Proposition 2.
In what follows we will show that N is also a SEM on
mixed states, and thus it is a SEM.
Theorem 4. The negativity N is a SEM.
Proof. According to the scenario in Ref. [14], we only
need to consider a family {Φk} consisting of completely
positive linear maps such that Φk(ρ) = pkσk, where
Φk(X) = I
A ⊗MkXIA ⊗M †k transforms pure states to
some scalar multiple of pure states,
∑
kM
†
kMk = I
B.
For any ρ ∈ SAB with N(ρ) > 0, we let
ρTA = (1 + a)ρ+ − aρ−, (20)
where (1 + a)ρ+ and aρ− are the positive part and the
negative part of ρTA , respectively. That is, N(ρ) = a,
ρ+ρ− = ρ−ρ+ = 0. It follows that
pkσ
TA
k = Φk(ρ)
TA = Φk
(
ρTA
)
= (1 + a)Φk
(
ρ+
)− aΦk (ρ−) . (21)
4It is clear that N(σk) ≤ qka/pk, qk = TrΦk(ρ−).
Thus, if Eq. (7) holds, then N(σk) = qka/pk, and thus
Φk(ρ
+)Φk(ρ
−) = Φk(ρ−)Φk(ρ+) = 0. Take ρ = |ψ〉〈ψ|
with |ψ〉 = ∑j λj |ja〉|jb〉 as the Schmidt decomposi-
tion of |ψ〉. Then |ψ〉〈ψ|TA = ∑j λ2j |ja〉〈ja| ⊗ |jb〉〈jb| +∑
i<j λiλj |ψ+ij〉〈ψ+ij |−
∑
i<j λiλj |ψ−ij〉〈ψ−ij |, where |ψ±ij〉 =
1√
2
(|ia〉|jb〉 ± |ja〉|ib〉). Denoting by Mk|jb〉 ≡ |j′b〉, it
follows that 〈i′b|i′b〉 = 〈j′b|j′b〉 holds for any i and j,
from which we can conclude that Mk is a scalar mul-
tiple of some unitary operator. This guarantees that Φk
is either a local unitary operation or Φk(·) = qkIA ⊗
UBk (·)IA ⊗ (UBk )† with
∑
k qk = 1 provided that N(ρ) =∑
k pkN(σk). Therefore, N decreases strictly on average
under LOCC.
Proposition 5. The logarithmic negativity EN decreases
strictly under LOCC on average, but it is not a SEM.
Proof. It is clear that EN decreases strictly under
stochastic LOCC on average since the logarithm is
strictly concave. But EN is not convex [13], namely, it
is not an entanglement monotone, therefore it is not a
SEM.
Another important entanglement monotone that is not
derived from the convex roof extension is the relative
entropy of entanglement [8, 15]:
Er(ρ
AB) ≡ min
σAB
S
(
ρAB||σAB) , (22)
where S(ρAB||σAB) ≡ Tr[ρAB(ln ρAB − lnσAB)] is the
quantum relative entropy and the minimum is taken over
all separable states σAB in SAB . This measure, as one
might expect, is a SEM.
Theorem 6. Er is a SEM.
Proof. Let HC be an extended Hilbert space of HAB, let
{|ic〉} be an orthonormal basis in HC , and let |α〉 be a
unit vector. For any CPTP map Φ(ρAB) =
∑
i Viρ
ABV †i ,
there exists a unitary operator U acting on HABC such
that [20, 21]
U(A⊗ Pα)U † =
∑
i,j
ViAV
†
j ⊗ |ic〉〈jc|. (23)
It is clear that
TrC
[
IAB ⊗ PiU
(
ρAB ⊗ Pα
)
U †IAB ⊗ Pi
]
= Viρ
ABV †i ≡ Φi
(
ρAB
)
= piρ
AB
i .
According to the proof of Theorem 2 in Ref. [15], we only
need to verify that if∑
i
piS
(
ρABi /pi||σABi /qi
)
= S(ρAB||σAB) (24)
holds for any ρAB and σAB , then
Φi(X) ≡ ViXV †i = piUXU † (25)
for some unitary operator U , where qiσ
AB
i = Φi(σ
AB).
Note that∑
i
piS(ρ
AB
i /pi||σABi /qi)
≤
∑
i
piS(ρ
AB
i /pi||σABi /qi) +
∑
i
pi ln
pi
qi
=
∑
i
S(piρ
AB
i ||qiσABi )
≤
∑
i
S[TrC{IAB ⊗ PiU(ρAB
⊗Pα)U †IAB ⊗ Pi}||TrC{IAB
⊗PiU(σAB ⊗ Pα)U †IAB ⊗ Pi}]
≤
∑
i
S[IAB ⊗ PiU(ρAB ⊗ Pα)U †IAB ⊗ Pi||IAB
⊗PiU(σAB ⊗ Pα)U †IAB ⊗ Pi]
= S
[
U
(
ρAB ⊗ Pα
)
U †||U (σAB ⊗ Pα)U †]
= S
(
ρAB||σAB) , (26)
thus (24) holds and leads to
∑
i pi ln
pi
qi
= 0, which is
equivalent to pi = qi for any i. Therefore Φi has the
form as in (25). Taking Vj = V
A
j ⊗ V Bj , the proof is
completed.
The squashed entanglement Esq [16] is an additive en-
tanglement monotone and has a nice operational mean-
ing. For any state ρAB ∈ SAB , Esq is defined by [16]
Esq(ρ
AB) ≡ inf
E
{
1
2
I(A;B|E) : TrEρABE = ρAB
}
,
(27)
where I(A;B|E) = S(ρAE)+S(ρBE)−S(ρABE)−S(ρE),
S(·) denotes the von Neumann entropy and the infi-
mum is taken over all extensions of ρABE of ρAB. We
show below that Esq is also a SEM with the assump-
tion that it can be attained by some optimal extension
[i.e., Esq(ρ
AB) = 1
2
I(A;B|E) for some extension ρABE ].
Note that, if there does not exist some optimal exten-
sion, whether or not Esq is a SEM remains open since it
is defined in terms of the infimum process over all states
extension which cannot give an accurate equality between
the state and its extension state for the conditional mu-
tual information. However, we still do not know such an
extension exists or not for any state [16].
Theorem 7. If Esq(ρ
AB) can be attained by optimal ex-
tension for any state ρAB ∈ SAB , then Esq is a SEM.
Proof. From the proof of Proposition 3 in Ref. [16], if
Esq(ρ) =
∑
k pkEsq(ρ
′
k) and the associated LOCC is
stochastic, then we must have I(A˜′; B˜|E˜) = 0 (we use
the same notations as in Ref. [16]), it follows that ρ˜A
′BE
is a Markov state according to the structure of states that
satisfying the strong subadditivity of entropy [22], a con-
tradiction. Thus the LOCC is a local unitary operation
or a convex mixture of local unitary operations.
5TABLE I: A list of entanglement measures. We denote the distillable entanglement [23], entanglement cost [24], entanglement of
formation (the original one defined in Ref. [17]), concurrence [25], G concurrence [26], negativity, convex roof extended negativ-
ity [27], the logarithmic negativity, tangle, squashed entanglement, Tsallis-q entanglement [28], Re´nyi-α entanglement [29, 30],
the relative entropy of entanglement and the conditional entanglement of mutual information [31] by Ed, Ec, Ef , C, G, N ,
NF , EN , τ , Esq, Tq, Rα, Er and EI , respectively.
E Continuity Additivity Convex Faithfull Relation h Monogamy Strict decreasinga
Ed ?
b
×[32] ×[32] × ≤ Ec Strict concave All states
c Pure states
Ec ? X X[6] ? ≤ Ef [18, 19] Strict concave Pure states Pure states
Ef X ? X X Strict concave All states X
C X X X Strict concave All states X
G X X X Strict concave All states X
N X X × Strict concave Pure states X
NF X X X Strict concave All states X
EN X × X Strict concave All states X
τ X X X Strict concave All states X
Esq[16] X[33] X X X Ed ≤ Esq ≤ Ec Strict concave All states Pure states
d
Tq, q > 0 X X X Strict concave All states X
Rα, 0 ≤ α ≤ 1 X X X Strict concave All states X
Er X ×[34] X X ≤ Ef [15] Strict concave Pure states X
EI [31] X X X ? ≤ Ef ,Ec Strict concave
e Pure states Pure states
aHere strict decreasing refers to the strict decreasing property of
the measure under LOCC on average.
b? means it is unknown.
cThe one-way distillable entanglement is monogamous [35]
dFor mixed states, see Theorem 7.
eIt is easy to check that EI(|ψ〉〈ψ|
AB ) = S(ρA) for any pure state
|ψ〉AB , ρA = TrB |ψ〉〈ψ|
AB .
At last, we present a list of the properties of all en-
tanglement measures that are well-known by now for
convenience of readers (see Table I). As one might ex-
pect, almost all the entanglement measures are decreas-
ing strictly under LOCC on average for pure states. In
addition, one can see from the table that, apart from the
strict concavity of the associated function h, monogamy
is another property that is also closely related with the
strict monotonicity of LOCC. We also found that other
properties, such as additivity, convexity and faithfulness,
seem not to be the nature of the entanglement measures
so far.
To summarize, we explored the action of entanglement
under LOCC for many entanglement measures so far, and
we showed that the axiomatic definition of entanglement
monotone can be improved: E is defined to be an entan-
glement monotone if it is convex, vanishes on separable
states, and decreases strictly on average under LOCC in
the sense of (6). Together with the result in Ref. [10],
our results here support the conclusion that entangle-
ment is monogamous. But we still can not prove whether
the squashed entanglement (it is defined via the infimum
over all extensions), entanglement of distillation, and the
entanglement cost are strict entanglement monotones or
not.
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